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Abstract. We build a general model for pricing defaultable claims. In addition to the usual ab- 
sence of arbitrage assumption, we assume that one defaultable asset (at least) looses value when the 
default occurs. We prove that under this assumption, in some standard market nitrations, default 
times are totally inaccessible stopping times; we therefore proceed to a systematic construction of 
default times with particular emphasis on totally inaccessible stopping times. 

Surprisingly, this abstract mathematical construction, reveals a very specific and useful way in 
which default models can be built, using both market factors and idiosyncratic factors. We then 
provide all the relevant characteristics of a default time (i.e. the Azema supermartingale and its 
Doob-Meyer decomposition) given the information about these factors. We also provide explicit 
formulas for the prices of defaultable claims and analyze the risk premiums that form in the market 
in anticipation of losses which occur at the default event. The usual reduced- form framework is 
extended in order to include possible economic shocks, in particular jumps of the recovery process 
at the default time. This formulas are not classic and we point out that the knowledge of the default 
compensator or the intensity process is not anymore a sufficient quantity for finding explicit prices, 
but we need indeed the Azema supermartingale and its Doob-Meyer decomposition. 



1. Introduction 

Negative financial events such as defaults can sometimes be predicted by investors or, on the 
opposite, they can occur in an abrupt way and produce losses. In this paper, the properties of a 
stopping time which models a default event are analyzed in relation with the losses that it produces 
to debt-holders when it occurs, using standard properties of the jump times of martingales. 

In the "general theory of processes", one classifies stopping times as predictable, accessible 
and totally inaccessible stopping times (see Definition 12.11 below). Traditionally in the default 
risk literature structural models have produced default times that are predictable stopping times 
(for instance the first hitting time of a fixed level by a diffusion), whereas in the reduced form 
approach defaults are modeled as totally inaccessible stopping times (first jump of a Cox process). 
The difference between the two classes of stopping times can be eliminated by a change of the 
underlying filtration: a predictable stopping time can become totally inaccessible in a smaller 
filtration, as illustrated by several so-called incomplete information models including [H], [32]. See 
also the paper |23] where this information-based connection between the structural and reduced- 
form approaches is explained. Using no arbitrage arguments, we show (Section [2j that defaults 
that are thought to produce losses for a financial asset do not have a predictable part and it is 
hence natural to model them as totally inaccessible stopping times in the market filtration. This 
gives the economical motivation of our study of properties of totally inaccessible default times. 

It has become standard to construct reduced-form default models in two steps (as originally 
proposed in [15], [25]): one begins with a filtration where the default time is not observable, 
and then obtain the market filtration after progressively enlarging the original filtration so that 
the default time becomes a stopping time. In Section [3] we present this construction and some 
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fundamental results that we shall subsequently use in the paper. Our leading assumption in this 
paper will be that in the enlarged filtration the martingales from the original filtration remain 
martingales, a property known in the literature as the (H) hypothesis. 

In Section [J] we study some general properties of a stopping time (i.e., the default time) under 
this two-step construction. In particular, we emphasize that there exist decomposing sequences 
of stopping times in the initial filtration (Proposition 14. 2\ and we use their properties (i.e., their 
compensators) in order to characterize the Azema supermartingale of the default time and give 
its Doob- Meyer decomposition (Proposition 14. 7j ). This represents a generalization of the classical 
models, where the Azema supermartingale is supposed to be continuous. The particular case 
when t is totally inaccessible is also analyzed and we give a useful economic interpretation to this 
decomposition. 

We also propose a general construction of a random time such that it has a given Azema su- 
permartingale (Section [5|): given an increasing process A with Aq = and A^ = 1, we construct 
a sequence of stopping times (T*)j g N and an N-valued random variable S such that the stopping 
time T s has its Azema supermartingale equal to the given process A. 

Finally, in Section [6] we apply our results (in particular the decompositions studied in Section 
U]) in order to obtain pricing formulas for defaultable claims. The usual reduced- form framework is 
extended in order to include possible economic shocks, and in particular jumps in the recoveries at 
the default time. Indeed, there has been increasing support in the empirical literature that both 
the probability of default and the loss given default are correlated and driven by macroeconomic 
variables. A perfect illustration of this phenomenon is the rapid decline in property prices the 
recent credit crisis, where defaults coincided with a wave of asset liquidation. Our aim is to extend 
the usual reduced-form setup in order to include possible jumps of the recovery process at the 
default time and to give an expression for the risk premiums attached to such jumps. 

Building on the method recently developed in [7], we develop pricing formulas which are not 
classic (precisely because of the possible jumps of some default-free assets at the default time): the 
knowledge of the default compensator or the intensity process is not anymore a sufficient quantity 
for finding explicit prices, but we need indeed the Azema supermartingale and its Doob-Meyer 
decomposition. We also propose a definition of the default event risk premium, which measures the 
compensation investors should require for the losses that occur at the default time (this is strictly 
positive when the default time is totally inaccessible, but null for a predictable default time) and 
we compute its expression in a general setting (Theorem I6.8p . 

2. Losses and their predictability 

Let (O, J 7 , EI = (%t)t>o,P) be a filtered probability space. The filtration EI = (7it)t>o represents 
an information flow available to all market investors without cost, that is public information, r is 
an EL|_ valued random variable such that r > a.s. which represents the default time of a company, 
i.e., the time when the company is not able to meet some of its financial obligations. Since corporate 
defaults can be observed when they occur, r is supposed to be an H stopping time. 

We want to deduce some properties of the particular stopping time r, given the impact of the 
default on the prices of the traded assets or portfolio of assets which are available in a financial 
market. An important question is to know under which economic conditions r should be modeled 
as a totally inaccessible stopping time. Let us recall below a classification of stopping times: 

Definition 2.1. [Classification of stopping times] A stopping time r is said to be: 

(i) predictable if there exists a sequence of stopping times (r n ) n >i such that r n is increasing, 
r n < r on {r > 0} for all n, and linin^oo T n = r a.s.. 

(ii) accessible if there exists a sequence of predictable stopping times (r n ) n >i, such that: 

P (U„ {uj :t(u) = T n (uj) < oo}) = 1. 
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(iii) totally inaccessible if, for every predictable stopping time T, 

P ({w : r (w) = T (w) < oo}) = 0. 

In the line of the now classical asset modeling and pricing, we consider a collection of H-adapted 
processes (Sl)t>o, i € {0, 1, ...,n} with right continuous with left hand limits sample paths, which 
represents the evolution of the prices of the assets which are traded in a financial market. Without 
any loss of generality, we can suppose in this section that the money market account (Sf ) is constant 
or, equivalently, that the interest rates are null. We suppose that prices are in equilibrium when 
regarded as stochastic processes in this filtration, that is, there exist a probability measure Q ~ P 
such that (SI) is a locally bounded local martingale for any i 6 {1, n}. 

We assume that there is at least one defaultable asset which is traded on the market (for instance 
a bond), whose price process is (Sf) for some d £ {1, ...,n}. Furthermore we make the following 
crucial assumption: 

(L) Suppose that (Sf) is the price of a defaultable claim. Assume that ASy < a.s., i.e., there 
is a loss in case of default with probability one. 

Since the default of a debtor is perceived as a bad news for the creditors, it is reasonable to assume 
that bond prices or, more generally, prices of defaultable claims, will certainly decrease in the 
moments after the announcement of the default. Or, in a continuous time, arbitrage free market 
model, prices decrease with certainty only by negative jumps. Hence, it is reasonable to assume 
that prices of defaultable claims display negative jumps at the default time. Symmetrically, short 
positions in defaultable claims would display positive jumps. 

We show below that the characteristics of a default time of being predictable or not are in fact 
intimately related to the validity of the assumption (L). Therefore, in practical applications, the 
debate about the properties of a default time can be oriented towards clarifications of the validity 
of the assumption (L), which can be tested using market data. 

First let us introduce the restrictions of a stopping time as follows: if r is a stopping time and 
E € J-, then the restriction of r to E is t(E) := tIe + ool^c. Notice r(E) is a stopping time if 
and only if E € H T . We now recall the decomposition of a stopping time. 

Theorem 2.2 ([9]). Let r be si- finite stopping time. There exists an essentially unique partition 
of Q in two elements A and B of 7i T - such that the time t(A) is accessible and t(B) is totally 
inaccessible. Hence: 

t = t(A) A t(B). (2.1) 
t(A) is called the accessible part of r and r(B) is called the totally inaccessible part of r. 

Remark. Let us point out that the decomposition (|2.ip is stable under equivalent changes of the 
probability measure. 

Proposition 2.3. Under (L), the default time r does not have a predictable part, that is, there 
does not exist E € T~L T such that t(E) is a finite predictable stopping time. In particular, when it 
is finite, the accessible part of r is not predictable. 

Proof. It is equivalent to show the result under an equivalent local martingale measure for S d , i.e., 
such that the process (Sf) is a local martingale. Therefore we assume without loss of generality 
that P is a local martingale measure. Denote 5 := AS d . By (L), 5 < a.s.. 

Suppose that there exists a set E G 7i T such that t(E) is a predictable stopping time. Then we 
need to show that P(E) = hence r(E) = oo a.s.. 

Let (T n ) n£ N be a reducing sequence of stopping times for (Sf), that is (T n ) increases to oo and 
the stopped process S 1 ™ := Sf AT „ is a uniformly integrable martingale. The predictable stopping 
theorem states that: 



E[A5" (E) |"H T ( E )_] = and implies that E 



0. 



Notice that AS^? E \ = 5lEl{ T <T n } therefore we must have: 

E [<51sn{r<T"}] = 0- 
Since 5 is strictly negative it follows that 

P(J5 n {r < T n }) = for all n G N. 



(2.2) 



Notice that {t < T n } C {r < T n+1 } hence taking the limit in ([%3D asn^oo leads to P(£) = 0. 
□ 

The above proposition reveals that the structural models of default are not compatible with 
the assumption (L), since the default times in these models are modeled as hitting times of some 
observable (i.e., H adapted) diffusions, or jump diffusions, hence have a predictable part. A way 
to obtain the condition (L) from a structural model is to assume that the process triggering the 
default is not H adapted or in other words is not observable by common market investors (see for 
instance the incomplete information models in |14j . |16j . [3], [17] . [5], |18j). A general discussion 
about the links between structural, reduced-form and imperfect information models is provided in 
[23]. 

It seems that totally inaccessible stopping times are suitable to be used when one is interested to 
model situations characterized in the assumption (L). Let us point out that under (L) the default 
time can nevertheless have an accessible part in some types of nitrations, since there exist in general 
accessible stopping times which are not predictable. 

Corollary 2.4. Suppose that the filtration M is quasi left- continuous i.e., Us = "Hs- f or M 
predictable stopping times S. Under (L), the default time r is a totaly inacessible stopping time. 

Proof. If the filtration H is quasi left-continuous, then all accessible stopping times are predictable 



Quasi left continuity of a filtration is not a very intuitive notion form an economical point of 
view. Let us point out that H is quasi left-continuous for instance when the filtration is generated 
by a Levy process, this being the class of models the most commonly used in modeling security 
prices. Therefore, the above result suggest that different nitrations (i.e., which are not quasi 
left-continuous) should be used if one wants to capture some specific features of debt, such that 
possibilities to default at some fixed dates in time together with the assumption (L). In this case, 
accessible but not predictable stopping times should be used. We provide below an example of such 
a construction: 

Example 2.5. Suppose that a bond is expected to pay coupons at the fixed dates t l ,i = l,...,n 
and the bond can default only at one of the coupon dates. We begin with a filtration F and a 
sequence (6*)j>i of Bernoulli random variables independent from each other and independent from 
the filtration F. We denote i* := inf {z |6 r = 1}, the default time: r = t % l^* <n y + ool{,;. >n } and 
the market filtration: Tit '■= J~t V a(j A t) for t > 0. It is easy to check that the default time r is an 
accessible but not predictable H- stopping time, so that the assumption (L) can be implemented 
in this setting. 



In this short section we fix the mathematical framework that will be used for the rest of the paper. 
Following [2], [15], [25], we shall construct a default model in two steps. The main idea is to separate 
those assets which do not default at time r, form those who are defaultable at r. Defaultable assets 
are those issued by the particular company we are analyzing, while the remaining traded assets 
(that, to simplify, we call default-free) are issued by other companies or by governments, they may 
as well be indexes, commodities or derivatives: they should all have different default times than 




□ 



3. The two-step construction of the information set 
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t. Let (<S' I )i g 7, with I C {l,...,n} represent the price processes of the default-free assets and F 
their natural P augmented filtration. The default model is built using the information F about the 
default-free assets (instead of all the public information H) and the default arrival as follows. 

Let (0, J 7 , F = (J^)t>o,P) be a filtered probability space satisfying the usual assumptions. The 
default time r is defined as a random time (i.e., a nonnegative ^-measurable random variable) 
which is not an F-stopping time. We assume throughout that P(r = oo) = 0. 

Then, a second filtration G = (Gt)t>o is obtained by progressively enlarging the filtration F with 
the random time r: G is the smallest filtration satisfying the usual assumptions, containing the 
original filtration F, and for which r is a stopping time, such as explained in [28J, |31j: 

Q t = K° + where K% = T t V <r(r A t). 

The advantage of this construction is that it relies on projections of some G adapted processes 
onto the filtration F and therefore displays some finer properties of the default time, which are very 
useful for pricing and hedging. 

Notation. If X is a measurable process, we denote by °X (resp. P X) its F optional (resp. F 
predictable) projection and if X is increasing we denote by X° (resp. X p ) its F dual optional (resp. 
F dual predictable) projection. The definitions of these notions can be found in the Appendix. 

The following processes shall play a crucial role in our discussion: 

• the F supermartingale 

Zl = V[r>t\T t \ = °(l {T> . } )t (3.1) 

chosen to be cadlag, associated with r by Azema ([I]), (note that Z± > on the set {t < r}); 

• the F dual projections A\ := (lr T< .i)° and a\ = (l{ r <.})f ; 

• the cadlag martingale 

nl = E[Al \T t }=Al + Zl 

• the Doob-Meyer decomposition of f)3. 1 [) : 

z t = m t ~ a h 

where m T is an F-martingale. 

A common assumption in the literature is that the random time r avoids the F stopping times, 
that is P(r = T) = for any F stopping time T. In this case, A T = a T is continuous, a property 
useful later on. 

The Azema supermartingale (Z£) is the main tool for computing the G predictable compensator 
of l{r<t}: 

Theorem 3.1 ([25]). The process: 

N t 

is a G martingale. 

We shall assume in the rest of the paper that: 

(H) Every F (local-)martingale is a G (local-)martingale. We say that the filtration F is im- 
mersed in G and denote this property by the symbol: FhG. 

The immersion property was studied in [3], [TT]. This assumption can be related to absence of 
arbitrages in the market model (see [2], [21], [6]). 

It is known that in our framework (H) is equivalent to the following: For all s <t, 

P [t < s | F t ] = P [r < s | -Foo] . (3.2) 

5 



l {r<t} 
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Zl 



-dal 



It follows that under (H) , the Azema supermartingae is a decreasing process, i.e., 

Z T = l-A T . (3.3) 

Moreover, when the immersion property holds, simple projection formulas for stochastic integrals 
hold [3]: 

Proposition 3.2 ([3]). Suppose that F <^4 G. 

(i) Let M be an F local martingale and H a bounded process. Then: 



J HdM \ = j °{H) dM. 



(ii) If M is a G square integrable martingale and H an¥ bounded process. Then: 



J HdM J = J Hd °(M). 



4. Decompositions of a stopping time 

We now investigate some general properties of a stopping time r of a filtration G constructed by 
progressively enlarging a filtration F, as explained in Section [3j We begin with a financial example 
and then show a general construction. 

Suppose that T k ,k £ N* C N* are unexpected times when negative shocks occur in the economy. 
They are finite, totally inaccessible stopping times in the filtration F. Morover P(T* = T 3 ) = 0, i 7^ 
j. Now, we suppose that a firm's financial health is affected by these shocks, and this impact may 
be so severe that can trigger the default of the company i.e.: 

P(r = T k ) > 0,Vk € N*. 

Denote: p\ : = P(r = T^J^) such that we obtain: 

keN* 

Lemma 4.1. (a) If ^fceiv* Po = 1 then r is a G totally inaccessible stopping time. 

(b) IfrisaG totally inaccessible stopping time and X^fceTV* Po < 1> then there exists a G totally 
inaccessible stopping time T° such that: 

r = ^TV= T} . (4.1) 

i&N 

where N = N* U {0} and hence J2 k &NPt = l , where p° t = P(r = T°\F t ). 

Proof, (a) Follows from the definition of a totally inaccessible stopping time, 
(b) Denote: 



T° : — r l{ r ^ TIjV j e7V «} + ool{ 3e jvv =T i}. (4-2) 

= Tli ie N*l{ T ^Ti} + 00 E 1 {T=T i } 

Obviously T° is a G stopping time since {T° < t} = {r < £}P)j gAr *{T* > r} is in Gt- Let S 1 be 
any predictable G stopping time. Then, P(T° = 5 < 00) = P(rl{ r _^ T i V j gA r»} = S < 00) < P(t = 
S" < 00) = since r is totally inaccessible. □ 
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Remark. Without loss of generality, we may assume that T avoids all F finite stopping times, that 
is: 

P(T° = T < oo) = for any F stopping time T. 
Indeed, since it is totally inaccessible, T° avoids the finite predictable and accessible F stopping 
times. If there exists an F stopping time T s such that P(T° = T s < oo) > 0, then, from 14.11 
s (£ N*. We denote f° = T°l {T o^ TS} + ool {T o =T * } . Then the times T\i G N* U {s} are the times 
of economic shocks and T° is G totally inaccessible which avoids all finite F stopping times. Also 
r = J2ieN*U{s} T ' ll {r=T} + T°l{f 0=T y. 

We now show that it is natural to construct default models as above, since any stopping time r 
admits decompositions involving sequences of F stopping times as follows: 

Proposition 4.2. Let r be a finite G stopping time. Then, there exists a sequence (T l )j>x, o/F 
stopping times, such that 

P(T i = T j < oo) = i ± j (4.3) 

and 

P(r = T) > whenever P(T* < oo) > (4.4) 
and a totally inaccessible G stopping time T° such that T° avoids all finite F stopping times and 
such that: 

r = ^ri {r!=r} . (4.5) 

i>0 

The G stopping time t is totally inaccessible if and only if the F stopping times (T*)j>i are totally 
inaccessible. 

Proof. We begin with a useful lemma: 

Lemma 4.3. Let T be an ¥ stopping time. P(T = r) > if and only if the event {ATp(uo) ^ 
AJp_(uj)} has a strictly positive probability (one says that A T charges T). 

Proof. Let us recall that A T is the dual optional projection of the increasing process Ht := l{ T < t }, 
which has a unique jump of size 1 at the time r. Therefore, for any stopping time T we have: 
AH? = 1{ t= t}- If T is an F stopping time, then by Theorem VI. 76. in |12] : 

AAJp = B[AH T \T T ] = P(r = T\T T ). 

Recall that A T is increasing, hence AA T is nonnegative. The result follows. □ 

We now prove the proposition. There are two possible situations: 

1. A T continuous. This corresponds to the situation when r avoids all F stopping times. 
Therefore the decomposition f)4.5|) holds with all (T*)j>i infinite a.s. and T° = r a.s.. 

2. A T discontinuous. Let T l , i > 1 be the ordered jump times of A T . If there are finitely many, 
we simply set the remaining stopping times in the sequence to be infinite (notice that (14. 3j) 
is satisfied by this sequence). We obtain from Lemma 14.31 that: 

(i) P(r = T 1 ) > whenever P(T* < oo) > 0; 

(ii) r avoids any F stopping time with the graph disjoint of the union of the graphs of T 1 , 
i > 1. 

We define T° as the restriction of r to the set E = (Uj>i{T l = t}) c . T° is a G stopping 
time since E € Q T . By construction, T° satisfies, 

p(T° = T < oo) = Vi > 1. (4.6) 

From this and (ii) it follows that T° avoids all finite F-stopping times. Notice that if 
P(E) = then T° = oo avoids the finite F stopping times and is totally inaccessible (oo is 
the only time which is both accessible and totally inaccessible). 

7 



The last statement in the proposition follows from the definition of a totally inaccessible stopping 
time. □ 



Remark. From the above proof, we see that we can in fact choose (T l )j>i to be any sequence that 
exhausts the jump times of the process {A[) and therefore the sequence is not uniquely defined. 
Useful later on will be to notice that the sequence (T l )j>i can be chosen such that it contains 
only totally inaccessible and predictable F stopping times (indeed, one can decompose a stopping 
time first in its accessible and totally inaccessible part, and then the accessible part in a sequence 
of predictable times). On the other hand, the time T° can be uniquely defined (up to null sets) 
if chosen to be infinite on the set {r = T l ,i > 1} ( as the construction in equation (|4,2p with 
N* = N*). 

Now, we provide an economic interpretation of the sequence (T l ), when they are totally inac- 
cessible stopping times. As the filtration F is generated by the prices of default-free claims, there 
exist some default free assets which have jumps at the F stopping times (T*)j g pj* which are not 
infinite. Therefore, when the default arrives at one of these times, some default-free asset prices 
react abruptly by jumps. The interpretation is that the default r has a macroeconomic impact (or 
is triggered by some macroeconomic shock). On the opposite, since T° avoids all finite F-stopping 
times, when default arrives at this time (i.e., on {r = T }, there will be no impact of the default 
event on the prices of the default-free assets, that is no default-free asset price will jump. Therefore, 
we propose the following: 

Definition 4.4. Let r be a totally inaccessible default time. Take a decomposition of r as in (|4.5p . 
Then, we shall call T l ,i G N* times of macroeconomic shocks, and T° is the idiosincratic default 
time (i.e. when default is due to the unique and specific circumstances of the company, as opposed 
to the overall market circumstances). 

In the remaining of this section, we shall derive the useful properties of r, given properties of a 
decomposing sequence of times (T 1 )^. r and the sequence (T 1 )^ will be always supposed to fulfill 
the properties stated in Proposition 14.21 (except T°, they are not necessarily totally inaccessible). 
Moreover, we suppose T° to be infinite on the set {r ^ T }. 

Let us denote by (A l TiM ) the F-compensators of the F stopping times T l , i G N*. It follows that 
(A* ATi ), i G N* are F adapted and since F » G they are also the G compensators of T l , i G N*. 
We introduce the F (and G)-martingales: 

Nl : = l {T! < t} - A iATM for i G N*. 

On the other hand, the time T° is not an F stopping time. We denote a® the F dual optional 
projection of lr T o<.\. Since T° avoids all F stopping time, a is continuous. Let us introduce 
JF t ■= T t v ait A T°) and notice that T t cG t ,t> 0. Since F G it follows that FhFcG, hence 
the Azema supermartingale of the time T° is decreasing (see equation ()3.3[) ) and equals 

Z? := P(T° > t\F t ) = l-a° t . 

Notice that = P(T° = oo| Too) = 1 — o^o- Let us also denote (A^ 0/U ) the G-compensator of T°, 
such that: 

N t := 1{T°<<} ~ 4aT (i ) t > 

is a G-martingale. 

Now, we give the decomposition of the compensator of r given those of the times (T l ). 
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Proposition 4.5. Let g\ : = P(r = T l \Qt) for t > and i € N. T/ie predictable compensator of 
l{ r <.) denoted (A tAr ) satisfies: 

AiAr = E / ^" + U s)^«AT< + A TO A f 
4 >l' / 

where for i > 1, {u\) is a predictable process that satisfies (g t ,N' l )t = Jq u l s dA l TiAs . Hence, the 
martingale Nt = l{ r <t} ~~ A( Ar decomposes as: 

N * = E (/ + ul)dN1 + " t 4*)i{T*< t} ) + 



Therefore r has a G intensity X, i.e., Ai AT = J T X s ds if and only if G intensities exist for the 
times T l , i > 0. Then, denoting by X 1 the G intensity ofT % , the following relation holds: 

n 

\ t = 1 £(gi+ui)xii {Ti>t} +\i (4.7) 

Proof. The result follows from: 

1 {^<*} = E 1 {r i =r}l{T i <t} = y~] 9T*llTi<ty + l{r°<*} (4-8) 

i>0 i>l 

since {T° < i] C {r = T }. By dominated convergence p (Ei>i ^t* 1 !^}) = Ei>i P (5^ 1 {T»<t})- 
We notice that: 

rt 



g l T il{Ti<t} — / 3s-dl{r*< s } + Agyil/ T i< t } 
J o 



'0 

For i > 1, there exists a G-predictable process (u\) such that (p*, J\P) t = / V s dA^ iAB (see [TO]). 
We have that p (J* 5g_dl/ T i < .i) = f g l s _dA % TiA , therefore we only need to show the equality: 
p (A^ 4 l{ T i <t |) = (g l ,N l ) t . As we have remarked previously (see the Remark after Proposition 
14. 2p it is sufficient to consider the cases when T l is either totally inaccessible or predictable. If T % is 
totally inaccessible, then Ag^lrpi^y = [g % , N % ]t since N l is of finite variation and on {T % < t} has 
one jump of size 1 at T l , so that the equality is correct. If T l is predictable, then p (A^lr T i<rtJ = 
by the predictable stopping theorem. On the other hand, since N l = 0, {g" l ,N' l )t = and again 
the needed equality is correct. □ 
We now have a short lemma: 

Lemma 4.6. IfW^-tQ, then for i G N* ; the martingales p\ := P(r = T l \Tt) satisfy p\ = p\ hT i- 

Proof. Let us point out that if F G then for any F stopping time T and and Qt measurable 
random variable G we have: 

E[G\F 00 ]=E[G\T T ]. 

Then, the result follows easily from the fact that p 1 is the optional projection of the martingale g % 
which also satisfies g\ = g l thTi and from Proposition 13.21 

pL = EbLl-^oo] = E^slT'oo] = E[^|.F T i] = p^. 

□ 

The next proposition contains the important properties of r seen as an F random time. 
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Proposition 4.7. Suppose that F G. The Azema supermartingale of r is given by: 

ZT:=1- \Y,PT^{T'<t} + a° t ) , (4.9) 



i>l 



n ■ 



and its Boob-Meyer decomposition is: 

Zl = (l - N t 
where: 

< : = Y, / (p»- + ^) dA T-As + «°; 

N t := E[iV t | Ji] = ^ /"%*_ + i, s )diVj + (Ap^ - u*s)l {T i< t} (4.10) 

i>l ^° 

and for i > 1, is an F predictable processes that satisfies (N l ,p l ) = j v l s dh l s ^ Ti . 

Proof. A\ = X^i>iPT*-'-{r i <t} ~'~ a < * s easu y computed as the optional projection of 1{ T <-} expressed 
as in (|4.8p . Hence we obtain the formula (|4.9p from Z T = 1 — t4 t . 

By definition a T is the F compensator of the process A T . Its expression can be found using 
exactly the same arguments that the ones in the proof of the Proposition 14.51 with p l instead of g l 
and v % instead of u 1 . Therefore, by definition of A T and a T , we have that N = A T — a T = °(N) is 
a martingale. □ 

Notice that when the times (T*)j>i are totally inaccessible, then the processes A* and a are 
continuous, the process a T is indeed continuous as required by the property of r being totally 
inaccessible. Also, the above Proposition makes it clear that when r does not avoid all F stopping 
times Z T is discontinuous and A T and a T may differ. More exactly: 

Corollary 4.8. The dual optional and predictable projections of r coincide, that is A T = a T if and 
only if t avoids all totally inaccessible stopping times. 

Also, using (|3.ip we can write the intensity A in (|4.7p using F adapted processes, as: 

Notice that when r has an intensity (as it is classical in the reduced- form approach) the times T l , 
i > 1 can also be identified as times of jumps in the intensity of r, which is more immediate than 
seeing them as times of jumps of the process A T which is often not modeled explicitly. 

5. A GENERAL CONSTRUCTION 

Starting with an increasing cadlag process (At)t>o with Aq = a.s. we construct of a family of 
random times (T*)j G N an d an N-valued random variable S such that the stopping time T has its 
Azema supermartingale equal to the given process A (Theorem 15. 3p . 



Example 5.1. Let (T l )i^E, E C N be a family of F stopping times and S an E valued random 
variable independent from J-^. Let the default time be: 

t = T s . 

Then, r is a G stopping time such that F G. 



The above example can be generalized as follows: 
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Theorem 5.2. Let (T*)j g £, E C N be a family ofF stopping times and S an E valued random 
variable with p\ := ~P(S = i\J-t). We introduce the random time: 

t = T s . 

Then, G 1/ and only if p\ = p] AT% , for all i G E. In this case: 

P(t < t\F t ) := J>^l {T << t } (5-1) 

i>l 

Proof. If F ^-?> G then the properties p\ = p] ATi , for all i £ E follow by the same arguments as in 
the proof of Lemma 14.61 Now we show that this condition is sufficient for F G to hold. 

It is known that F ^ G if and only if for s>t, P(r < t\T s ) = P(r < t\JF t ) (see d32J). 

Let us denote E l = {S = 1} {~}{T l < t} and notice that E % and E 3 are disjoint events for i ^ j. 
We obtain for s > t (we use the Monotone Convergence Theorem for interchanging summation and 
expectation) : 

P(t < t\T s ) = pl\jE i \F s \=Y,V {E l \Ts) = £ 1 { ^<^- 

\i>0 / i>0 i>l 

If p£ = p\/\rpi 1 1 > then expression (|5.ip follows as well as the equality P(r < t|.7~ s ) = P(r < i|^t). 

□ 

It is well known that is possible to associate with a given increasing process a random time (see 
for instance |15J). Suppose that our probability space supports a random variable uniform on 
[0, 1] which is independent from the sigma field JF^. Assume we are given an F adapted, increasing 
cadlag process (A t )t>o with Aq = a.s. and Aoo = 1 a.s.. Then, 

r := inf {t\A t > 6}. (5.2) 

satisfies P(r < t\Ft) = At- 

Below we show an alternative construction of r which emphasizes the role of sequences of F 
stopping times. 

Theorem 5.3. Assume we are given an F adapted, increasing cadlag process (At)t>o with Aq = 
a.s. and A^ = 1 a.s.. Let (T' l )i>i be any sequence of stopping times exhausting the jumps of A 
such that P(T* = T J ) = 0, for i 7^ j. Denote: 

pi := B[AA Tl \T t ] Vi>l, 

p° t :=EL4^] 

where (Af) is the continuous part of (At). Let us suppose that our probability space supports a 
random variable Q uniform on [0,1], independent from the sigma field J-qq. Denote 

:* dA c a 

a t := 1 — exp 

and: 



n _ Ac 

Ps A 



T° = inf{f|a t > 6}. 

Suppose furthermore that our probability space supports a second random variable S : Q — > N 
which satisfies: 

dpj 
l-a° 

Then, the random time 

t = T s . 

satisfies P(r < t\Ft) = At. Furthermore, F4G. 
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P(S = i\F 00 Va(6))=pl+ j T -^. (5.3) 



"s 



Proof. First let us have a look to the integral appearing in the definition of the process (at). This is 
an increasing process which converges to infinity. Its explosion time is v = inf{t | A\ = p® } which 
is an F stopping time. On the stochastic interval [v, oo) the martingale and A\ stay constant. 
We can therefore also write: 

rtAu dAI 



at := 1 — exp 



o 



Remark that (at) is a continuous increasing process with a = and a^ = 1. 
Let us now introduce the following filtration G° = (Qt)t>o'- 

g° ■- T t Va(T°At). 

It is easy to check that F G° by the property (13. 2p since G is independent from hence: 

P(T° < = P(T° < tl^oo) = at. (5.4) 
Therefore the F martingales (p\) are also G° martingales. Since = J 7 ^ V <r(#), we obtain that: 



r T°At 

q\ := P(5 = = E[P(5 = i|^)|a t °] = P + / 

JO 



1 - a s 

The integrals above are well defined since P(a® = 1) = fot t in the stochastic interval [0,T ]. 
Also, since by construction = 1, Vi it follows that Yl Qt = YlPo = 1- Finally, g| > and we 
have thus checked that the conditional law in (|5.3|) is well defined. 

As in the proof of Theorem 15.21 (using now the filtration G° instead of F), let us denote E l = 
{S = i}f]{T i <t} hence 

P(r<t\g° s )=p(\jE i \g s ) =J2 1 {T*<t}<ll (5-5) 
\*>o / i>l 

Notice that since F G°, we can use Proposition 13.21 (i) and the fact that from (|5.4p =° (^T°<t) 
and is continuous in oder to get: 

of n i i of f 1 r°>sj i\ i , r °( 1 T°>-)s , i i 

(q)=Po+ [ , — —dp s ) =p + / — ^dp s = p . 

\J0 1 ~ a s J JO 1 — a s 

We denote qt = Pq + Jq j^t- Therefore, projecting onto the filtration F the equality (|5.5p . leads us 
to: 

P(r < t\T t ) = (q l )tMT><t} + ° {qT°i{T°< }) t = Z)rfi{T*<*} + ( / q s di {T o< s} ) 
i>i i>i VJo /* 

i>l " ^ 

It is remains to check that A c t = f*q s da s . Let us denote at = f^qgdag. After integration by parts 
one gets that at = Pt — q t (l — a t ). Using this and the expression of the process a we have that a 
solves: 

pi -at j AC 

dat = Tfl A^ dAt 

with ao = Aq = which has as solution a = A c . □ 

Remark. (i) Suppose that the process (At) given in the above theorem is continuous. Then, 
T l = oo for i > 1 and p^ = 1. It follows that a = A, hence we obtain the classical 
construction we have presented in (15. 2|) . 
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(ii) The time r constructed above is totally inaccessible if and only if the jump times of A are 
totally inaccessible. 



6. A DECOMPOSITION OF THE DEFAULT EVENT RISK PREMIUM 



We recall our probability space is (f2, J 7 , F, P) and r is a random time which is not an F stopping 
time and G is the progressively enlarged filtration which makes r a stopping time. We also continue 
to assume the following: 

(H) F ^ G, that is the filtration F is immersed in G; 

(TI) r is a G stopping time and (T 1 )^ is a decomposing sequence of r, i.e., 



where (T*)j>i are F stopping times, such that P(T* = T 3 < oo) = 0, i 7^ j and T° avoids 
all finite F stopping times. 

The aim of this section is to provide an analysis of the risk premiums that form in a financial 
market in anticipation of losses which occur at the default event r. Prom this perspective, it can be 
added in the assumption (TI) that the time r is totally inaccessible (this assumption will be added 
later on). The defaultable claims we are going to analyze are Qt measurable random variables 
(T > constant) that have the specific form: 



where we assume that P is a positive square integrable, J^-measurable random variable which 
represents a single payment which occurs at time T and (Ct) is a positive bounded, F-adapted 
process. P stands for the promised payment, while the process C models the recovery in case of 
default. 

We do not assume the recovery process C to be predictable, as it is common in the usual reduced- 
form setting, since we want to emphasize possible drops in the values of the collateral when macro- 
economic shocks arrive, which we believe are important phenomena in the credit markets, and 
should bear risk premiums. In order to obtain explicit formulas for the risk premiums attached to 
the jumps of the price process at the macro-economic shock times (T l )j>i, the following projection 
result will play an important role: 

Lemma 6.1 (|33|). Let T be an¥ stopping time and X a square integrable random variable which is 
JFt measurable. Then, there exists an F predictable process (xt) such that ~E[X\Pt-] = X T ■ Denote 
£ = X — xt- The process (^l|j'< i },t > 0) is a square integrable martingale which is orthogonal to 
any square integrable martingale M which has the property that Mt is J~t- measurable. 

We therefore assume without loss of generality the following form for the recovery process: 

(R) There exist a sequence of predictable processes (c l )t>o, i € N* and a sequence of random 
variables (k 1 )^* such that the recovery decomposes as: 



r = 



^T l l {T i =T} . 



X — Pl{ r>T } + C T 1{ T < T } 



(6.1) 



C t — Ct — ^( C T» + Kl )l{T»<i}> 



i>l 



where the process {Ct)t>o does not have discontinuities at the stopping times T l ,i 
and the processes (K l l^ T i <t y) are martingales. 

Also, the martingales p l , % > 1 admit the decomposition: 



G N* 




(6.2) 
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where the processes v % are predictable with E[|uyj[] < oo; (jf are random variables measurable 
with E[0*|J r r i_] = and (rh\) is a martingale orthogonal to N % . 

Let us also denote Rt = J * r u du, where (rt) is the locally risk-fee interest rate. We shall assume 
that P is a risk neutral measure. We recall that an arbitrage-free price of a defaultable claim is 
given by the following conditional expectation: 

S(X) t := e Rt B[Pe- RT l {T>T} + C T e~ RT l {T < T} \G t }. 

Using the enlargement of filtration framework, pre-default prices can always be expressed in 
terms of an F-adapted process, via projections on the smaller filtration F as (see [15], [25], [2]): 

l{T>t}S(X)t = l{ T >t}S{X) t 

where S(X) is F-adapted, given by: 

Ft 

S(X) t := |-E[P e -^l {T>T} + C T e-^l {T&m} \T t ]. (6.3) 



The process S(X) is always well defined on the stochastic interval [0,r). We add the assumption 
that Z T > t,Vi so that the pre-default price process is well defined Vi. Therefore, we exclude the 
situation where r is an F stopping time. 

We recall below a well known expression of the pre-default price process (see for instance|15|. 
[2] j [25] ) which holds in a particular case of our framework: 

Proposition 6.2 ([2]). Suppose that the process C is predictable and the process Z T is continuous. 
Then 



s(x) t = e —v 



J C u e-^ +A ^dA u + P e -(^+AT)|jr t 



t > 0. (6.4) 



Remark. It is known that when F G, Z T is continuous if and only if r avoids the F stopping 
times, i.e., in the condition (TI) all T % = oo for i > 1. 

We are now going to generalize the expression of the pre-default price to our setting, synthesized 
in the assumptions (H), (TI) and (R) and deduce an expression of the default event risk premium. 
We shall use the general pricing methodology developed in [7]. 

To begin, we clarify what we understand by default event risk premium, by introducing the 
following definition. 

Definition 6.3. Suppose that the pre-default price process S(X) of the claim X introduced in 
(16. 1|) has a Doob Meyer decomposition under the risk neutral measure P: 

S(X) t = S(X) + f S(X) u du(X) u + M t (6.5) 
J o 

where (v(X)t),t > is a finite variation, predictable process and (Mt) a martingale Mq = 0. We 
call (cumulated) default risk premium the process vr(X)j = v(X)t — Rt, < t < T. 

Intuitively, the default event risk premium represents the additional net yield an investor can 
earn from a security as a compensation for the losses arriving at the default time. Indeed, 
J* At S(X) u dir(X) u represents the compensator of the jump (in practice a loss) that will occur 
in the price of the claim X at the default time r. Hence, for totally inaccessible default times, the 
(cumulated) default event risk premium is an increasing, continuous process while for a predictable 
default time, this is always null. 
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Example 6.4. Suppose the process Z T is continuous and C is predictable as in Proposition 16.21 
Then from equation (|6.4p . it can be easily checked that: 



n(X) t = A t 



C u dA u 



where C = C/S(X). 

Definition 16.31 can be put in relation with the notion of the instantaneous credit spread, i.e., the 
artificial discounting rate that one would need to apply to the promised payment, in excess to the 
risk-free rate, in order to make the price of the defaultable claim equal the expected discounted 
promised payment. The instantaneous credit spread (when it exists) is an F adapted process (st) 
that satisfies the equality: 

S(X) t = E[Pe-^ (rM)du) \T t ]. 

After noticing that S(X)t = P, we find that S(X) decomposes as in (|6.5p with Tr(X) t = f s u du. 
Therefore, the instantaneous credit spread exists only if the default risk premium tt(X) is abso- 
lutely continuous to Lebesgue measure, and in this case n(X) can be interpreted as the cumulated 
instantaneous spreads. 

For pricing the defaultable claims, the following martingale will play a crucial role (as developed 
in 0): 

Definition 6.5. We introduce the following exponential local martingale: 



A ■=£ 



dml 



dN s 

Zl_ 



where the martingale N was defined in the equality (|4.10p . If (A)o<t<T is a square integrable 
martingale, we define the default-adjusted measure as: 

dQ T := D T ■ dP on JF T . 

Remark. It is useful to have in mind another equivalent expression of the local martingale D, 
namely: 

A 



We thus obtain the following proposition: 



Proposition 6.6. Suppose that T l , i > 1 are totally inaccessible stopping times. Furthermore, 
assume that (A)o<t<T is a square integrable martingale (for instance E[e 2Ay ] < oo). Then, the 
pre- default price of the defaultable claims is given by: 



S t (X) = e Rt E QT 



i>l 



P u- + < 



t < T, 
(6.6) 



where: 



R t := Rt + At 



V\- + v t 



and where, for i>l,k l is the predictable process which satisfies E[K 7 '(f) l \^F'pi_ 
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In particular, if the recovery process C does not have discontinuities at the stopping times T l ,i > 
1, then the pre-default price of the defaultable claims is given by: 



S t (X) = e^E QT 



T 



C u e- R "dk u + Pe- kT \T t 



t < T. 



(6.7) 



Proof. The pricing formulas can be derived using arguments similar to those in [7] (Proposition 
4.3.), where C was supposed predictable and A continuous. We shall extend the formulas to hold 
for more general C and A (however in that paper, the (H) hypothesis was not necessarily holding). 
First, let us notice from (16.31) that: 



S(P) t = — E [Pe~ RT Z^ \T t ] = — E Pe~ RT D T \F t 

L>t 



Pe~ RT \F t 



By linearity of the conditional expectation, we only need to show the equality: 



S(C T l {r < T} ) t = e Rt E^ T 



i>l 



Zl 



Indeed, using equation (|6.3p . the pre-default price of a claim that pays C T at default and zero 
otherwise is given by: 



S(C T l {T < T} ) t = e —V (e-^C T l {Te(ttT]} \Tt) = e Rt D^E ( / e - R -C u dA T u \F t 



Ri 



e^D- 1 J2E(e- R ^C Ti pt ri l {T ^(t,T]}\J r t] 



i>l 



e R W^ £ E (e-^ {C T >_ - (c^ + + + ^l^^T^K 



i>l 



Notice that (from Lemma lHTT]) the following processes: (e r t 1 (C T i_— c l Ti )4> l l{ T i <t }) and (e K l {p l Ti _+ 



-Rrr 



'l{T i e(t,T]}) are martingales. Therefore we obtain: 

S(C T l {T < T} ) t = e R W^J2^( f e~ R »(C u - - h\){p\_ + v^dA^Pt 



i>l 



i>l 



R»n fn - hi ^u-i- " dh^ uATi \JF t 



Denote HI := f*e Ru (C u - - h l u ) ( ' P " ZT +1) " ) dk l uhTi . An integration by parts of the products H l D 
gives (recall that A* are supposed continuous): 



D T H l T = D t H\ + / D tt _dHj + / H l u dD u . 
Jt Jt 

Since C, W and 'y T * are bounded and D is a square integrable martingale, H % is also bounded 
and hence J H l dD is also a square integrable martingale. Consequently: 



E 



Pi 



E 



D T W T -D t H\- \ H l u dD u \P t 
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E[D T (i4-flJ)|^]. 



Therefore the pricing formula simplifies to : 



S{C T l {T <T})t = -e Rt D^E [D T J2 [ dH l a \F t 

\ i>i Jt 



which, after a Girsanov transformation, leads to the desired formula. 
□ 

As a corollary we obtain the following evolution of the pre-default price process (notice that the 
term h l is a risk premium attached to the sensitivity of the recovery to the economic shock T l ): 

Corollary 6.7. Under the assumptions in Proposition \ 6.(k there exists a martingale {Mt) under 
the measure P such that the pre-default price process satisfies the following stochastic differential 
equation: 

dR t - C t dA t + £ hi {pl - + Vl) dA] ATl +Y,d ( P ^ Mt ' 1 {t ^. } \ + dM t (6.8) 



dS t (X) 



where C t = C t /S t {X) t and h\ = h\/S t (X) t . 

Proof. From equation ()6.6[) it follows that there exists a Q r -martingale M such that: 

= dR t - C t dA t + Y, K^dAl ATi + dM t 

/ AM iP * i \ P 

Using the Girsanov's theorem M = M + I 2^ i<1 — Z t t l{T i <t} J where M is a Q martingale. □ 

In practical applications, one can obtain explicit formulas for the default event risk premium 
by computing explicitly the dual predictable projections appearing in the corollary above. Let us 
give the general formulation of these expressions. Any square integrable F martingale M can be 
decomposed in sum of orthogonal martingales as follows (see [33] ) : 



M t = ^f f s dNl + ]T 0*l {T i< t} + M t , (6.£ 

i<l ^° t<l 



where the processes f % are predictable with E[|/^j|] < oo; 6 l are random variables measur- 
able with Ef^'lJ 7 ^.] = (i.e., the process (d l \s v T % <t\) is a martingale) and (M t ) is a martingale 
orthogonal to any N l , i > 1. 

Theorem 6.8. Suppose that the martingale M appearing in l\6.8\) decomposes as in \6. 9\) and the 
martingales p 1 , i > 1 decompose as in 116. ty) . 

Then, the default event risk premium has the expression: 

n(X) t = [\l - C u )dA u + [\hl + <) (K - +<) dAt ATM (6.10) 
Jo 4 > x Jo <V- 

where, for i > 1; ip\ := ft + ; \_ ; and (al) is the predictable process which satisfies 

Pt-< v t 

Proof. If M has the representation (|6.9p then AM T , = f % Ti +9 l . Let us denote n\ = 6 l l^ T i <t j which 
we recall is a square integrable martingale orthogonal to square integrable martingales of the form 
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ff u dN l u . Therefore: 

_ / / T iP T i \ ( P T i j \ 

We have that Ap l Tl = v Tl + 4> l and hence: $lp l u dn l u = Jq(p 1 u - + v l u )dn l u + 4> l 0\ls T i <t \. The first 
term in the sum being a martingale, we obtain that (j^Pudnl^) = ((j3 l 6\l^ T i <t ^) p = J* * a l u dA uAT i 

(as explained in [TO]). The result follows. 

□ 

It is possible to decompose the default risk premium appearing in (|6.10p in an idiosyncratic and a 
systematic part (which in turn can be decomposed along premiums attached to each macroeconomic 
shock) as follows: 

= /V - Cu)^- + £ /V - C u + (K + ^)}^±^ d A l uATi . 
J o ^ jo 

We see that each possible macroeconomic shock T l , i > 1 commands a corresponding risk premium 
for the possible jumps at T l of the recovery process but also of the martingale M, which reflects 
possible losses of a hedging portfolio. 



AM 



z, 



L T l <- 



7. Conclusion 

In this paper we proposed a decomposition of a default times using sequences of stopping times 
of the reference filtration F. Our aim was to propose a systematic construction of default times 
but also to show that some of the simplifying assumptions appearing in the literature lead in fact 
to an underestimation of the risks attached to a long position in a defaultable claim, in particular 
the risks of losses at the default time. We hope that this analysis sheds light on the behavior of 
the assets at the default announcement (the so-called "jump to default"). 



Appendix A. Some definitions 
We consider a filtered probability space (CI, F, (J 7 t)t>o,P) that satisfies the usual conditions. 

Theorem A.l (Optional and predictable projections). Let X be a measurable process, positive or 
bounded. There exists a unique (up to indistinguishability) optional process °X (resp. predictable 
process P X ) such that: 

E[X t 1 [t<oo) \Tt] = °X T l (T<oo) a.s. 

for every stopping time T (resp. 

E [X t 1( T<oo) |J"t_] = p X T l {T<oo) a.s. 

for every predictable stopping time T). The process °X is called the optional projection of X. The 
process P X is called the predictable projection of X. 

A stochastic process which is nonnegative and whose path are increasing and cadlag, but which 
is not F-adapted is called a raw increasing process. 
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Definition A. 2 (Dual optional and predictable projections). Let (At) t> Q be an integrable raw 
increasing process. We call dual optional projection of A the (J-^-optional increasing process 
{A°) t>Q defined by: 



E 


" roo 

/ °X s dA s 


= E 


' roo 

/ X 8 dA° 




Jo 




Jo 



for any bounded adapted (Xt). We call dual predictable projection of A the (/"^-predictable 
increasing process (A^) t>Q , such that 



E 


" roo 

/ p X s dA s 


= E 


' roo 

/ X s dAP 




Jo 




Jo 



for every adapted bounded (X t ). 
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